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Abstract. A computer program is presented for the computation of association constants for host/guest
compounds based on experimental data obtained from the NMR spectra of samples with different
host/guest ratios of known concentration.
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1. Introduction

Research in host/guest chemistry should follow several well defined steps: proof
of the inclusion, determination of the complex stoichiometry, determination of
the association constant, and, eventually, determination of the inclusion complex
geometry. While the first two steps are appropriately solved by experiments, the
other two steps are not so well treated in the scientific literature.

Many experimental techniques allow confirmation of the formation of an inclu-
sion complex, and descriptions exist in the literature of procedures for determining
the complex stoichiometry. Among these, the Job [1] diagram is probably the most
reliable. The determination of the association constant has been widely treated and
there are several methods for its determination in a 1 : 1 complex; all based on the
consideration of the general equation:

Host + Guest! Host/Guest

Developing the association constant (K) expression and considering p as the molar
fraction of the complexed guest, K adopts the following expression:

K =
p

([host]i � p[guest]i)(1� p)
:

NMR spectroscopy is nowadays probably one of the most widely used techniques
for host/guest studies. The NMR parameters (� and J) are usually weighted averages
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from all species present; in consequence, when the host/guest complex is in fast
equilibrium with the isolated molecules, the experimental �obs corresponding to
an intermediate situation can be expressed by the weighted average between the
isolated (�f) and the complexed (�c) chemical shifts. Moreover, the molar fraction
of any component can be expressed as the ratio between ��i (�obs � �f) and ��c

(�c � �f). Introducing these two assumptions into the expression for K , it can be
transformed into:

K =
��i=��c

([host]i � (��i=��c)[guest]i)(1� (��i=��c))
(1)

The experimental determination of association constants in host/guest compounds
usually contains some approximations. The methods due to Scatchard [2], Benesi
and Hildebrand [3], and Scott [4] are the most commonly used for the determination
of K. All require the graphical representation of experimental parameters and the
global consideration of [host]i � [guest]i. The graphical representation of data is
considered to be an advantage, while the use of data where the concentration for
the host has to be much larger than that for the guest is not always either possible or
mathematically correct. Experimentally, ��i is determined for each of the studied
protons and, consequently, the use of the corresponding expression for K yields a
different K value for each one of the studied protons.

In this article we would like to present the development of a simple computer
program to be used with the whole set of studied protons, producing one single K
value for the whole process and a set of calculated ��c values.

2. Results and Discussion

The systematic variation of the chemical shifts for some NMR signals is the
data usually employed as unequivocal proof for the host/guest interaction. The
methods used for the determination of K need to fulfil the requirement of [host]i
� [guest]i. When this condition is satisfied, the [guest]i is usually very small
and the difficulty in determining the chemical shift for a signal increases with
its complexity (coupling). In addition, the standard range of work only permits
host/guest ratios not usually larger than 9/1, a ratio which mathematically cannot
be considered as satisfying [host]i� [guest]i.

The development of Equation (1), using A as the [host] and B as the [guest],
allows us to obtain a second order equation whose solution is Equation (2).

��i =
��c

2Bi

2
4�Ai +Bi +

1
K

�
�

s�
Ai +Bi +

1
K

�2

� 4AiBi

3
5 : (2)

Only the negative square root solution is to be considered because the ratio��i=��c

is always smaller than 1. Moreover, the definition of p restricts the number of
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samples to be used because now [host]i should be only greater than [guest]i (i.e.,
Ai >Bi) instead of being much greater, and this fact can be accomplished in about
one half of the samples studied.

If we define a new variable, l, as:

li =

�
Ai +Bi +

1
K

�
�

s�
Ai +Bi +

1
K

�2

� 4AiBi; (3)

then Equation (2) is transformed into a simpler one:

��i =
��c

2Bi

li: (4)

This equation presents two variables (��c) and li (which is a function of K).
Equation (4) must be satisfied for each sample studied, i.e., we have a set of n
equations (as many as samples) with two independent variables (��c and K).
The equation can be solved by using the least squares approximation using the
experimental��i values as reference values. Obviously, there is not one single pair
of ��c/K values which will verify Equation (4) for all the existing experimental
��i values corresponding to a determined studied proton.

The best solution was defined as the pair making minimum the first deriva-
tive of the least squares function with respect to each independent variable. This
mathematical treatment allows us to rewrite Equations (5) and (6).

@E

@��c
= 0) ��c

X l
2
i

4B2
i

=
X ��ili

2Bi

(5)

@E

@Kc
= 0) ��c

X l
2
i

2Bi

�
Ai +Bi +

1
K
� li

� =
X ��ili

Ai +Bi +
1
K
� li

(6)

By isolation of ��c from Equation (5) and its substitution in Equation (6) a new
equation is obtained with only one independent variable,K , which can be solved by
the Newton–Raphson method [5]. Strictly speaking, we should obtain one equation
(or one K) for each of the studied protons of the guest (each set of ��i).

Following an analogous procedure but now defining p as the molar fraction of
complexed host, equations equivalent to 5 and 6, but now for the host protons, are
obtained. The process for the formation of an inclusion complex should be unique
for all the protons of the system studied and, in consequence, only one single K
with a set of ��c values (one for each host and guest protons studied) should be
obtained. The treatment of the whole set of protons studied yields Equation (7),
which represents the least squares deviation for the whole process. The Newton-
Raphson method applied to this new equation will afford the expected single K
value and the set of ��c values.

E =
mX
j=1

"
nX
i=1

�
��i �

��c

2Ai

li

�2
#
: (7)
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Table I. Host and guest concentrations (mol/L) and induced chemical shifts (��) for each of the samples
used in the study of the benzoic acid/�-cyclodextrin complex [6].

��i

Sample [host] � 102 [guest] � 102 H-o H-m H-p H-3 H-5

1 1.3040 0.3771 �0.0429 0.0188 – 0.0000 0.0000
2 1.0595 0.5679 �0.0342 0.0100 �0.0086 �0.0263 �0.0332
3 0.8965 0.7828 �0.0240 0.0066 �0.0072 �0.0484 �0.0635
4 0.7335 0.8608 �0.0191 0.0051 �0.0057 �0.0616 �0.0812
5 0.5705 1.0950 �0.0079 0.0046 �0.0018 �0.0748 �0.1027
6 0.2445 1.1660 0.0000 0.0000 0.0000 �0.0829 �0.1230

To solve Equation (7) a computer program (called CALCK) has been developed,
written in Fortran (see Appendix), which as input will use the number of protons
studied, the number of samples for each studied proton and ��i, [guest]i, and
[host]i. The value for K and the ��c for each studied proton will form the output.

It should be noted here that the general behaviour of functions like the first
derivative of Equation (7) have a zone where the function presents numerous
artificial solutions, when K is very small. After this zone, the function takes
negative values and starts to grow slowly until it crosses the axis, giving a single
zero value which is the real solution of Equation (7). Thereafter, the function
increases and diverges.

This behaviour forces the use of several test entries for K contained in an
auxiliary file called CONST.DAT. The program changes theK values automatically
and will find the real solution for the variable.

3. Illustrative Example

The complex between benzoic acid and �-cyclodextrin has been studied [6]. Table
I contains host and guest concentrations, and induced chemical shifts (referred to
the position of the cyclodextrin anomeric proton) observed for each of the studied
protons (H-o, H-m, and H-p for benzoic acid and H-3 and H-5 for cyclodextrin) in
each sample. The input file (INPUT.DAT) for this case is shown in Figure 1 and
part of the output file (OUTPUT.OUT) is contained in Figure 2. The calculated
association constant for this complex is 48.67 l/mol.
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Figure 1. Example of INPUT.DAT (A) and CONST.DAT (B) used in the study of the benzoic
acid/�-cyclodextrin complex.
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Figure 2. Example of output file (only parts of OUTPUT.OUT) obtained in the study of the
benzoic acid/�-cyclodextrin complex.
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